Abstract. I show that quasidiagonality and AF embeddability are equivalent properties for traceless C * -algebras and are characterised in terms of the primitive ideal space. For nuclear C * -algebras the same characterisation determines when Connes and Higson's E-theory can be unsuspended.
Introduction
Quasidiagonality is a fundamental concept of finiteness for C * -algebras with a tight connection to the structure of nuclear C * -algebras, the Elliott classification programme, and amenability of discrete groups, see [TWW17] . Voiculescu's influential work on quasidiagonality [Voi91] had the important consequence that for any C * -algebra A, the suspension C 0 (R, A) and the cone C 0 ((0, 1], A) of A are both quasidiagonal.
By Connes' groundbreaking work [Con76] it follows that a von Neumann algebra with a separable predual admits an embedding into the hyperfinite II 1 -factor R if and only if it is injective with a faithful, normal trace. The C * -algebraic analogue is embeddability into an approximately finite dimensional C * -algebra, known as AF embeddability, which was first studied by Pimsner and Voiculescu [PV80] . An immediate consequence of being AF embeddable is that the C * -algebra is separable, exact and quasidiagonal, and it is a major open problem whether the converse holds. This has been verified in many concrete cases such as for certain C * -dynamical constructions [Pim83] , [Bro98] , and for all reduced group C * -algebras [ORS15] , [TWW17] .
Ozawa [Oza03] proved an analogue of Voiculescu's quasidiagonality result and showed that the suspension and the cone of any separable, exact C * -algebra is AF embeddable. A surprising consequence is that many C * -algebras of a very infinite nature, such as C 0 (R, O 2 ), turn out to have the very finite property of being AF embeddable.
The suspension and the cone of any C * -algebra have an important property in common; their primitive ideal spaces have no non-empty, compact, open subsets. In fact, for X = R or X = (0, 1] any compact, open subset of Prim C 0 (X, A) ∼ = X × Prim A can be projected onto a compact, open subset of X and must therefore be empty.
I show that a separable, exact C * -algebra is AF embeddable provided its primitive ideal space has no non-empty, compact, open subsets (Corollary B), thus generalising the above result of Ozawa. Consequently, in the absence of traces being AF embeddable, quasidiagonal, and stably finite are all equivalent conditions characterised by this property of the primitive ideal space (Corollary C).
In Recently in [Gab18] I proved a slightly different version of this embedding theorem. Consequently, whether or not a separable, exact C * -algebra A embeds into a separable, nuclear, O ∞ -stable C * -algebra B can be determined solely by studying the primitive ideal spaces of A and B.
The strategy for proving the main results of this paper is to use this embedding theorem for a particular C * -algebra B = A [0,1] introduced and studied by Rørdam in [Rør04a] . The C * -algebra A [0,1] is an inductive limit of the C * -algebras C 0 ((0, 1], M 2 n ) and is in particular an ASH-algebra, i.e. an inductive limit of C * -subalgebras of matrices over commutative, separable C * -algebras. The proof of the above main theorem is postponed until Section 2. Below are some corollaries of the theorem.
As ASH-algebras are AF embeddable, see for instance [Rør04a, Proposition 4.1], the following corollary is immediate.
Corollary B. Let A be a separable, exact C * -algebra for which Prim A has no non-empty, compact, open subsets. Then A is AF embeddable (and in particular quasidiagonal).
An extended trace τ : A + → [0, ∞] is an additive, homogeneous map such that τ (a * a) = τ (aa * ) for all a ∈ A. An exact C * -algebra is called traceless if all extended traces on A only take the values 0 and ∞. Due to Ozawa's result [Oza03] it is known that many traceless C * -algebras are AF embeddable such as C 0 (R, O 2 ). Here is a complete characterisation of when this is the case. The proof is presented in Section 3.
Corollary C. Let A be a separable, exact, traceless C * -algebra. The following are equivalent.
(i) A is AF embeddable, (ii) A is quasidiagonal, (iii) A is stably finite, (iv) Prim A has no non-empty, compact, open subsets.
The Blackadar-Kirchberg problem [BK97, Question 7.3.1], also known as the quasidiagonality question or abbreviated QDQ, asks whether any separable, nuclear, stably finite C * -algebra is quasidiagonal. Corollary B gives an affirmative answer for C * -algebras with no non-empty, compact, open subsets in their primitive ideal spaces. As such C * -algebras are always stably projectionless they are automatically stably finite.
1 Combined with Corollary C for the traceless case one immediately obtains the following.
Corollary D. The Blackadar-Kirchberg problem has an affirmative answer for all traceless C * -algebras, and for all C * -algebras for which the primitive ideal space has no non-empty, compact, open subsets.
The final corollary, which is proved in Section 4, shows that unsuspendability of Connes and Higson's E-theory is a spectral property for nuclear C * -algebras. Recall that for separable, nuclear C * -algebras A, E(A, B) and KK(A, B) are naturally isomorphic for any separable C * -algebra B so the result below gives a characterisation of certain KK-groups.
1 Recall that a not necessarily unital C * -algebra A is stably finite if for every n ∈ N, Mn( A) has no non-unitary isometries. In particular, stably projectionless C * -algebras are stably finite.
Corollary E. Let A be a separable, nuclear C * -algebra. The following are equivalent.
(
is a group for any separable C * -algebra B, (ii) the suspension functor induces a natural isomorphism
for any separable C * -algebra B, (iii) Prim A has no non-empty, compact, open subsets.
Proof of Theorem A
Recall that a complete lattice L is a partially ordered set in which every subset has a supremum and an infimum. If x, y ∈ L then x is said to be compactly contained in y (or way below y), written as x ⋐ y, if whenever
Let I(A) denote the ideal lattice of a C * -algebra A, i.e. the partially ordered set of two-sided, closed ideals in A. It is well-known that I(A) is a complete lattice with inf I α = I α and sup I α = I α . A partially ordered set L is called a continuous lattice if L is a complete lattice such that any y ∈ L is the supremum of the set {x ∈ L : x ⋐ y}.
A basis B of a continuous lattice L is a subset such that any y ∈ L the set {x ∈ B : x ⋐ y} is upwards directed and has supremum y. 3 Thus I(A) is compact and metrisable in the Lawson topology.
2 One does not need to know how the Lawson topology is defined, nor what having small semilattices means, in order to understand the proof. 3 The theorem is applicable for domains and thus also for continuous lattices since a continuous lattice is a domain which is also a complete lattice, see [GHK + 03, Defintion I-1.6].
By Remark 1, I(A) has no non-zero, compact elements. By [GHK + 03, Theorem VI-5.11] it follows that the elements 0, A ∈ I(A) both lie on an arc chain, i.e. there is a subset C ⊆ I(A) with 0, A ∈ C for which C is a compact, connected chain, see [GHK + 03, Definition VI-5.5].
4 As I(A) is metrisable, so is C.
By [GHK + 03, Proposition VI-5.4], 5 the induced topology on C is the order topology, so C is a compact, metrisable, connected chain with exactly two non-cut points. Theorem 4 ([Gab18, Theorem 6.1]). Let A be a separable, exact C * -algebra, let B be a separable, nuclear, O ∞ -stable C * -algebra, and let Φ : I(A) → I(B) be a Cu-morphism. Then there exists a * -homomorphism φ : A → B such that I(φ) = Φ.
Rørdam [Rør04a] constructed the C * -algebra A [0,1] as follows: Let (t n ) n∈N be a dense sequence in [0, 1) and let φ n :
It follows from Kirchberg's classification of non-simple O ∞ -stable C * -algebras that the isomorphism class of A [0,1] does not depend on the choice of (t n ) n∈N (see [KR05] ) though we do not need this fact here. 
Proof of Corollary C
Recall that a separable C * -algebra B is said to be MF if there is a sequence (k i ) i∈N in N such that B embeds into i∈N M k i / i∈N M k i . In particular, any separable, quasidiagonal C * -algebra is MF.
Before proving Corollary C, I prove the following elementary lemma which is definitely well-known to many people. In what follows, A denotes the minimal unitisation of A, and ⊗ denotes the spatial tensor product.
Lemma 6. Let A be an exact, stably finite C * -algebra and let B be a separable, MF C * -algebra. Then A ⊗ B is stably finite.
Proof. Suppose for contradiction that A ⊗ B is not stably finite. Then
contains a non-unitary isometry for some n. Note that M n ( B) is also separable and MF. Any embedding
where the isomorphism above exists by exactness of A. Thus
for sufficiently large i, and otherwise v i := 1. Then (v i ) i∈N is a lift of v, each v i is an isometry, and lim sup i→∞ v i v * i − 1 = vv * − 1 = 1. Hence v i ∈ A ⊗ M k i is a non-unitary isometry for some i. This contradicts that A is stably finite, so A ⊗ B must be stably finite. While homotopy symmetry characterises when E-theory is unsuspendable, it is in general a property which is very hard to verify. Dadarlat and Pennig [DP17a] introduced connectivity of C * -algebras to gain a better understanding of homotopy symmetry. A separable C * -algebra A is connective 7 if there is a embedding Theorem 7 (Dadarlat-Pennig). A separable, nuclear C * -algebra is homotopy symmetric if and only if it is connective.
Applying results from [PR07] , it was observed in [DP17a, Proposition 2.7(i)] that having a non-empty, compact, open subset in the primitive ideal space is an obstruction of connectivity. Using an embedding theorem of Blanchard for continuous fields [Bla97] , it was shown in [DP17a, Proposition 2.7(ii)] that this is the only obstruction for separable, nuclear C * -algebras provided the primitive ideal space is Hausdorff.
These results were my main inspiration for proving Theorem A, which implies that this spectral obstruction is the only obstruction of connectivity for all separable, exact C * -algebras. (i) ⇔ (iii): As any nuclear C * -algebra is exact, this is an immediate consequence of Theorem 7 and Corollary 8.
